Determinants

Show that:
2 4 1 5
@ |31 1=4 () |8 2 6=0
4 12 3 7
b ¢ b+c a-b a
(c) |b 0 al=2abc (d) |c+a b-c bj=—(a+b+c)@*+b?+c?—bc—ca-ab)
c a0 a+b c-a ¢
4 3 5 a h g
) |1 6 1=-23 () |h b f| =abc+2fgh—af®—bg?-ch?
7 -2 8 g f ¢
Prove the follow identities:
b+c c+a a+b| |a b ¢ 1 a a?
(@ |g+r r+p p+qg[=2p q r ) 1 b b? =(b-c)(c-a)a-h)
Y+Z Z+X X4y X y z 1 ¢ ¢
1 1 1 X y z
© |a b c|=@+b+c)a-b)b-c)c-a) (d) x> y* z*|=(xy+yz+zX)(x-y)y-2)(Z-X)
a® b ¢® yz X Xy
-2a a+b a+c
() |b+a —-2b b+c[=4(b+c)c+a)a+b)
c+a c+b -2c

If ® isone of the imaginary cube roots of unity, find the value of:

1 o o 1 o o
@ |o o 1 (b) |0 1
o 1 o o o 1
a’ b* c?
Express a b c as a product of linear factors.
b+c-a a+c-b a+b-c
a-b-c 2a 2a
Show that 2b  b-c-a 2b | =(@@a+b+c)®
2c 2c c-a-b

(Hint : Add the second and third rows to the first row.)

a b+c a’
Factorize : b c+a b?.
c a+b c?

a? a’—(b-c)’ bc
Prove that: b? b?—(c—a)’ ca =(a-b)(b-c)(c—a)a+b+c)@®+hb?+c?.
¢ c’—(a-b)’ ab
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By multiplying the first row by abc, and taking factors out of the resulting columns, prove that:

1 1 1
be(c—b) ca(a—c) ab(b—a) =abc (@®+b*+ c* - 3abc).
b?c c’a a’b

n+x a+x a+X
Let DX)= [b+Xx r,+X a+Xx and f(x) = (r. = x) (r2 = x) (r3 — X).
b+x b+x r+x
Express D(x) intheform D(0)+xA,where A isadeterminant independentof x.
af (b) —bf(a)
a-b '
Explain the fallacy in the following argument:
a(b+c) b(c+a) c(a+b)
Let D(a,b,c) = bc ca ab
1 1 1

Hence or otherwise, show that:  D(0) =

Since D(0, b, ¢)
Since D(a, b, b)
But abc (b-c)(c—a)(a-b) usahomogeneous polynomial of degree 6, whereas the expansion of D

0, a isafactorof D andsimilarly b and ¢ are factors.

0, (b-c) isafactorof D andsimilarly (c—a) and (a—b) are factors.

is clearly a homogeneous polynomial of degree 4.

sinx siny sinz
Show that  [sin2x sin2y sin2z| = 8sinxsiny sinz (cosy — cos z)(cos z — cos X)(Cos X — CoS Y).
sin3x sin3y sin3z

cos(0+x) sin(6+x)
Prove that  |cos(0+Yy) sin(0+Y) is independent of 6.
cos(0+2z) sin(0+2)

z 2a 1-a’ .

If z=(1+a%x, where z isgivenby [-a? z 2a | = 0, and a= —,
2 V3

1-a° 2a z

show that two possible values of x are sin% and sing, and find the third value.

1 a a’
Show that |cos(n—1)x cosnx cos(n+1)x| = (1-2acos X +a) sinx.
sin(n—1)x sinnx sin(n+1)x

1 cosA-sinA cosA+sinA 1 cosA sinA
Showthat {1 cosB-sinB cosB+sinB{=2[L cosB sinB
1 cosC-sinC cosC+sinC 1 cosC sinC

(Hint:  The determinant on the left hand side may be written as the sum of four determinants.)
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1 1 1
If A=|[sinA sinB sinC|, prove, by expanding from the first row, that;
cosA cosB cosC

A =sin (A-B) +sin (B - C) +sin (C - A).
By subtracting columns before expansion and by converting differences into products, show that:

A= —4sin%(A— B)sin%(B—C)sin%(C—A) .

Prove that a, b, x X1 Y _ aX;+byy;  aX +b,y,
a, b2 X, Y, 31X2+b1y2 a,X, +b2y2
1 1 1
By squaring the determinant: a b ¢ prove that:
a2 b2 CZ
3 a+b+c a’+b’+c?

a+b+c  a?+b*+c? a*+b+c®| = (a-b)}(b-c)’(c-a)
a’+b*+c? a*+b*+c® a*+b*+c’

aboc [ac a b cf° [2bc—a? c? b?
Verify that c a bl=—c b a| , anddeducethat |c a bl =| c? 2ca—h? a?
al |b a b ¢ a b? a’ 2ab—c?
a b c 2ab  ac+b? bc+a’
Giventhat |c a b| isfactorof [ab+Db? 2bc  ab+c?|, find the other factor as a determinant of
c a bc+a? ab+c®> 2ac
the third order.
So S, Ss
If sy=a"+B"+y", express |[s, s, S,/ asaproductoftwo determinants of the third order.
S6 sS S9
a’ a 111 2a®> b’+ab c’+ca
By multiplying the determinants |b> b 1, |a b c|, provethat |a®+ab 2b* c¢*+bc/=0
c® ¢ 000 a’+ca b?+bc 2c?
1 1 1
Givenamatrix A= |a+b b+c c+a| , show thatthe determinant detA=-(b-c)(c-a)(a-h).

ab bc ca

Find the matrix X suchthat XA =B, where

x*+(@a+b)x+ab x°+(b+c)x+bc x*+(c+a)x+ca
B= |y*+(a+b)y+ab y*+(b+c)y+bc y*+(c+a)y+ca].
z’+(a+b)z+ab z?+(b+c)z+bc z°+(c+a)z+ca

Hence, or otherwise, factorize the determinant detB .
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a h g
If A /H,...,C denotethe cofactors a, h,...,c inthedeterminant A= (h b f|, show that:
g f c
A H G
(@ H B F|=A2, (b) BC-F?=aA.
G F C
A H G 1 HG
(Hint : In(@) consider Ax|H B F|, in(b)consider Ax[0 B F|.)
G F C 0 F C
a h g
If the cofactors of elements of the determinant A= |h b f| are denoted by the corresponding capital
g f ¢
letters, prove that GH-AF=fA.
1 a+bcx be/a
Solve for x intheequation: {1 b+cax ca/bl =0. , ab,c=0

1 c+abx ab/c

1+sin’0  cos’O 4sin 20
Find the general value of © which satisfies the equation sin@  1+cos’0®  4sin20 | = 0.
sin’@ cos’0  1+4sin20

x x? a*-x?

If a,b,c aredistinct non-zero numbers, solve the equation |b b® a®—b® =0.

c c¢? a*-¢?

b
bj. If a=3x+1, b=2x+3, solvetheequation A=0.
a

o 9 T

a
Factorize |b
b

Provethat, if x=a’+2bc, y=b?+2ca, z=c*+2ab, s=a’+b’+c®, p=hc+ca+ab,

a b c |x zy |s pop
then |c a bl =y x z|= s p
b ¢ a zZy X |pp s

Express the area of A ABC as a determinant, where A, B, C are points (X, Y1), (X2, ¥2), (X3, Y3).
If A /B,C arepoints (X1, Y1, Z1), (X2, Y2, Z2), (X3, ¥3, Z3) respectively and OA, OB, OC are adjacent

edges of a parallelepiped, express the volume of the parallelepiped as a determinant.

Xy
Prove that the equation of the line passing through the points  (Xg, y1), (X2, Y2) is X, VY, =0.
X, Y,
Al Bl Cl
Provethat |A, B, C,| =0 isanecessary condition for the three lines
A3 B3 C3
Ax+By+Ci=0, i=1,2,3, tobeconcurrent. Isthe condition sufficient ?



